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The aim of this paper is to study the contractibility of the efficient frontier of
closed free-disposal sets with respect to general ordering cones in the Euclidean
space. In fact, it is shown that, under certain suitable continuity assumptions, the
efficient frontier of a completely-shaded set is a strong deformation retract of its
weakly-efficient frontier, the last one being homeomorphic to a hyperplane. In
particular, for the standard positive cone, we can apply our result to multicriteria
optimization to get the contractibility of the efficient outcome set.  2000 Aca-
demic Press
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1. INTRODUCTION
In contrast to the connectedness of the efficient sets in vector optimiza-
tion, which was intensively studied in the past several years, only a few
results have been obtained concerning the arcwise-connectedness and the
contractibility of the efficient sets, for which we refer the reader to the
1 This work was supported by a research project of CNCSU under Contract 46174.
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   monographs of Podinowski and Nogin 9 and Luc 8 on multicriteria and
Ž .vector optimization and the references therein and to the work of Kotkin
 7 on perturbed multicriteria optimization.
 As shown by Benoist in 1 , the notion of a free-disposal nice frontier set
plays a key role in establishing connectedness properties in the Euclidean
space with respect to the usual positive cone. By extending this notion for
general ordering cones, we introduce in this paper the concepts of simply-
and completely-shaded sets which seem to be appropriate for obtaining
topological results sharper than the connectedness, such as the con-
tractibility. Indeed, in the three-dimensional case, we have already proved
 in a recent work 2 that any simply-shaded set with respect to the usual
positive cone has a contractible efficient frontier.
Nevertheless, in this general framework, some additional continuity
assumptions are inevitable for constructing the homotopies needed to
express the efficient frontier as a strong deformation retract of the
weakly-efficient frontier, and therefore our main result focuses only on
closed efficient sets. However, the general approach that we develop here
allows us to produce some other interesting results related to the structure
of the completely-shaded sets.
2. COMPLETELY SHADED SETS
Throughout the paper E will be the n-dimensional Euclidean space
partially ordered by a closed, convex, and pointed cone C, which has a
Ž .nonempty interior. We denote by F C the set of the faces of C in the
Ž    . Ž .sense of convex analysis see 5 or 10 . We say that a face F F C is
  4proper if it is nonempty and not reduced to zero and we put F  F 0 .
Ž .As usual, given a subset X of E and a face F F C , we define the
efficient frontier of X by
 4Eff X x X : X x	 C  x 4Ž .
and the F-weakly-efficient frontier of X by
WEff X x X : X x	 ri F  . 4Ž .F
In particular, when F C, we obtain the weakly-efficient frontier of X,
which will be simply denoted by WEff X. It is well known that Eff X
Ž .Eff X
 C . This simple fact shows that the study of the efficient frontier
of X can always be reduced to the study of the efficient frontier of a
free-disposal set, namely Y X
 C. Recall that a subset Y of E is said to
Ž  .be a free-disposal in the sense of Debreu see 6 if Y
 C Y. Below we
point out some remarkable properties of the weakly-efficient frontier of
the closed free-disposal sets, which will be useful in the following.
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Remark 2.1. If Y is a closed free-disposal set, then WEff Y bd Y.
Moreover, if F is a proper face of C then for every point y Y the
Ž .relative boundary of the section Y y	 span F with respect to the
Ž .induced topology on y	 span F is WEff Y y	 span F .F
 Remark 2.2. As shown by Bonnisseau and Cornet in 4 , if Y E is a
nonempty, closed and free-disposal subset of E, then its weakly-efficient
frontier bd Y is homeomorphic with every hyperplane in E which is
orthogonal to a vector e belonging to int C.
The following definition plays a key role in our paper and represents an
extension of the concept of a nice-frontier set, which was introduced by
 Benoist in 1 for studying the connectedness of the efficient sets in
multicriteria nonconvex optimization. For all points x and y in E, we
Ž . Ž .denote ray x, y  x	 y
 x and we adopt the following convention	
in notation: x y means x
 y C and x y means x
 y C.
DEFINITION 2.1. A closed and free-disposal subset Y of E is said to be:
Ž . Ž .i simply-shaded, if for any pair y, z  Y bd Y such that y z
Ž .we have ray y, z  bd Y;
Ž .ii completely-shaded, if for every proper face F of C and for any
Ž .y Y the translated section of the form Y
 y  span F, as a subset of
span F, is simply-shaded with respect to the cone F. In other words,
according to Remark 2.1, this means that for any proper face F of C and
Ž .for any pair y, z  YWEff Y we haveF
z y
 F ray y , z WEff Y . 1Ž . Ž .F
Note that every completely-shaded set is a simply-shaded one, and that
these notions coincide if the dimension of E is one or two. This is not the
case for higher dimensions, as is shown by the following example.
3 3  4 2EXAMPLE 2.1. Let E , C , and F 0  , and consider	 	
 Ž . Ž . Ž .  4the closed and free-disposal set Y  u 	 1
  u : u,   0, 11 2

3 , where  and  are the curves defined by	 1 2
  u  0, u , 1
 u , u 0, 1 andŽ . Ž .1
11, 0, 1
 2u , u 0,Ž . 2
 u Ž .2 1½ 1, 2u
 1, 0 , u , 1 .Ž . 2
In this case it is easy to see that Y is simply-shaded, but it is not
ŽŽ . .completely-shaded because the set 
1, 0, 0 	 Y  span F is not F-
simply shaded in span F.
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Note also that the class of completely-shaded sets contains all the closed
and free-disposal convex sets and that, in the particular case of E n
ordered by the positive cone C n , this class coincides with the class of	
the nice-frontier sets in the sense of Benoist.
In what follows, we suppose that Y is a nonempty closed and free-dis-
posal subset of E and we define the set-valued map S: Y 2Y by
Ž . Ž .S y  Y y	 C for all y Y. Henceforward, we suppose that the
following compactness assumption holds:
C The set-valued map S has bounded values.Ž .
Note that this assumption is satisfied by all the sets of the type Y K
 C,
Ž .where K is a nonempty compact set of E. From C we can easily deduce
the following auxiliary result.
LEMMA 2.1. For all compact subset BD of Y C , the following set is
also compact:
t : y , d  BD such that y	 td Y . 4Ž .	
Ž . In virtue of Lemma 2.1 we can define, for every pair y, d  Y C ,
Ž . Ž .the real number  y  and the point  y  Y, asd 	 d
 4 y  sup t : y	 td Y and  y  y	  y d.Ž . Ž . Ž .d 	 d d
Then, for each d C , the functions  : Y and  : Y Y definedd 	 d
for all y Y by the above formulae are well-defined. These functions
satisfy the properties stated in the following proposition, which are
straightforward consequences of their definitions.
PROPOSITION 2.1. For eery d C the following assertions hold:
Ž . Ž .i  Y  bd Y.d
Ž . Ž .ii For all a 0,   1a  and    .ad d ad d
Ž .iii    0 and     .d d d d d
Ž . Ž .iv For all y Y, y  y .d
Ž .   Ž . 4For every point y Y, we define the set D y  d C :  y  0d
 4 Ž . Ž . 0 . Obviously, D y is a cone contained in C, and D y coincides with
C if and only if y int C. The following results focus on the facial
structure of the cone C. For any subset X of C, we shall denote by face X
the smallest face of C containing X.
PROPOSITION 2.2. Let y Y. The following assertions hold:
Ž . Ž . Ž .i For any z Y, z y implies D z D y . In particular, for each
 Ž Ž .. Ž .d C , we hae D  y D y , the inclusion being strict wheneerd
Ž . y  y.d
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Ž .ii For eery proper face F of C we hae
Ž . Ž .a yWEff Y if and only if D y  ri F,F
Ž . Ž . Ž .b D y  ri F implies FD y .
Ž . Ž .  4iii y Eff Y if and only if D y  0 .
Ž . Ž . Ž .iv There exists G F C such that D y  F.F G
Ž .Ž . Ž .Proof. Only statements ii b and v are not obvious.
Ž .Ž . Ž .ii b Suppose that there exists d D y  ri F and let us show that0
Ž . Ž .FD y . Let d F. By the definition of D y , there exists t  0 such0
that y	 t d  Y and, since F is a cone, we have t d  ri F. Then there0 0 0 0
Ž .exists t 0 such that t d 
 td F or, equivalently, y	 td y	 t d0 0 0 0
Ž .
 F. Since Y is a free-disposal set, y	 t d 
 F Y
 C Y and0 0
Ž .consequently y	 td Y. Hence dD y .
Ž .iv Consider the possible candidate
G F F C : ri FD y  , 4Ž . Ž .
Ž . Ž .and let us show that D y  F. For this aim, let dD y . ThereF G
Ž .  4 Ž .exists F F C such that face d  F. We have d ri FD y , hence
F G and a first inclusion is proven. Conversely, let d F. ThereF G
Ž . Ž .Ž .exists F G such that d F. We have ri FD y  and, from ii b ,
Ž .FD y . The inverse inclusion is also proven.
When Y is a completely-shaded set, we have the following sharper
results.
Ž .PROPOSITION 2.3. If Y is a completely-shaded set satisfying C , then
Ž . Ž .i for eery y Y, D y is a face of C;
Ž . Ž .  Ž . Ž .ii for all y Y, dD y , and t 0,  y we hae D y	 tdd
Ž .D y .
Ž . Ž . Ž .Proof. i By Proposition 2.2 iv , it suffices to prove that D y is
Ž .   Ž .convex. Let d , d D y and let us show that d , d D y . Since1 2 1 2
Ž .D y is a cone, we can assume that d and d are linearly independent.1 2
 4Put F face d , d . We can easily check that1 2
d 	 d  ri F 2Ž .1 2
Žotherwise, by separating in span F the point d 	 d from the open set1 2
. Ž .ri F we obtain a contradiction . Now, in view of Proposition 2.2 ii , it is
sufficient to prove that yWEff Y. Suppose on the contrary thatF
Ž .  4yWEff Y. From the definition of D y , for i 1, 2 , there existsF
Ž . Ž .t  0 such that y	 t d  Y. Then, applying 1 to the pair y	 t d , y ,i i i 1 1
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Žwe deduce y
 t d WEff Y. By definition, this means that Y y
2 1 F
. Žt d 	 ri F . But, from the equality y	 t d  y
 t d 	 t d 	2 1 2 2 2 1 2 1
. Ž .d and from 2 , the point y	 t d belongs to Y and to y
 t d 	 ri F,2 2 2 2 1
which is a contradiction.
Ž . Ž . Ž . Ž .ii From Proposition 2.2 i , we have D y	 td D y . Conversely,
Ž . Ž Ž . .put FD y . We have yWEff Y and, consequently, ray  y , y F d
Ž . Ž Ž . .WEff Y. Applying 1 for the pair  y , y	 td we obtain y	 tdF d
Ž . Ž .WEff Y and, from Proposition 2.2 ii , we conclude that FD y	 td .F
3. CONTINUOUS SETS
In order to express the efficient frontier Eff Y of a completely-shaded
set as a strong deformation retract of its frontier bd YWEff Y, it is
legitimate to impose some additional continuity assumptions on the sec-
Ž  .tion map S or on the directional marginal functions  d C . In whatd
follows we assume that Y is a nonempty closed and free-disposal subset of
Ž .E which satisfies the assumption C . Note that in this case the set-valued
map S is always upper semicontinuous, but this is not the case for the
lower semicontinuity, as is shown by the following example.
Ž .EXAMPLE 3.1. Denote by B 0, 1 the closed unit ball in the Euclidean
space 3, ordered by the positive cone C3 , and consider the convex	
ŽŽ .4 Ž .. 3 Ž .set Y  conv 1, 0, 1  B 0, 1 
  . Then the sequence y 	 i
ŽŽ Ž Ž .. Ž Ž .. .. Ž . Ž .  4cos 1 i	 1 , sin 1 i	 1 , 0 converges to 1, 0, 0 , but S y  yi i
Ž . Ž .for all i and 1, 0, 1  S 1, 0, 0 , which show that the set-valued map
Ž .S is not continuous at 1, 0, 0 .
Ž  .Let us now study the continuity of the marginal functions  d C .d
We have the following characterization result.
 
1Ž 4.LEMMA 3.1. For d C ,  is continuous if and only if  0 isd d
closed.
Proof. The direct implication is a classical result in topology. Con-

1Ž 4. Ž .versely, suppose that  0 is closed. Let y be a sequence in Yd i
converging to a point y Y. According to Lemma 2.1, the sequence
Ž Ž .. Ž . y is bounded and then if t lim  y is one of its accumu-d i k	 d ik
Ž .lation points, it suffices to show that  y  t. Since the sequenced
Ž Ž .. y converges to y	 td Y and since in virtue of Propositiond i kk
Ž . Ž Ž .. Ž .2.1 iii we have   y  0, we deduce  y	 td  0 or, equiva-d d i dk
Ž .lently, t  y .d
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The theorem below gives a sufficient condition for a set to be com-
pletely-shaded in terms of the continuity of extremal directional marginal
functions. Recall that the set of the extremal directions of C is defined by
  Ž .4Extd C   C :   F C . The cone C is said to be strictly convex	
 4if Extd C bd C 0 . Recall that C is polyhedral if it is generated by a
finite number of vectors. In this case, given that C is pointed, there exists a
finite number of distinct unit vectors  , . . . ,  in Extd C such that1 p
p
C   3Ž .Ý 	 j
j1
and, for each proper face F of C, there exists only one nonempty subset
 4J 1, . . . , p such that
F   .Ý 	 j
jJ
For some other results on convex cones that we need in the following we
   refer the reader to 5 or 10 .
THEOREM 3.1. Suppose that for any d Extd C,  is continuous. Then,d
Y is a completely shaded set and, for any d C ,  is continuous.d
Proof. Suppose that the set Y is not completely shaded. Then there
Ž .exists a proper face F of C and a pair of points y, z  YWEff YF
such that z y
 F and y
 dWEff Y, where d y
 z F	 F
Extd C. Then, for some t 0, y
 tdWEff Y. According to RemarkF
Ž . Ž2.1, there exists a small enough radius  0 such that B y
 td,   y
. Ž .	 span F  Y. Choose a unit vector c ri F. The sequence x of pointsi
Ž Ž ..of Y, defined by x  y
 td	  i	 1 c, converges to x y
 td. Oni
Ž . Ž Ž ..one hand, since x 	 t
 1 d z	  i	 1 c z	 ri F implies x 	i i
Ž . Ž .t
 1 d Y, we have  x  t
 1 for all i. On the other hand, it isd i
Ž . Ž Ž ..clear that  x  t. Hence, the sequence  x cannot converge tod d i
Ž . x , and so the function  is not continuous. We have obtained ad d
contradiction. Thus Y is a completely-shaded set.
  4Let now d F . Restricting our attention to the set face d , we can
p  4  4write dÝ d , where d  face d  Extd C for all i 1, . . . , p . Wei1 i i
Ž .are going to conclude by using Lemma 3.1. For this aim, let y be aj

1Ž 4.sequence in  0 converging to a point y Y. Suppose that thered
 4 Ž . Žexists j such that, for all i 1, . . . , p ,  y  0 or equivalently,d ji
Ž .. Ž . Ž .d D y . Since D y is convex according to Proposition 2.3 i , we havei j j
Ž . 
1Ž 4.dD y , which contradicts the fact that y   0 . Hence we havej j d
 4 j,  i 1, . . . , p ,  y  0.Ž .d ji
EFFICIENT FRONTIER OF SHADED SETS 105
Passing to a subsequence if necessary, this assertion can be rewritten as
 4 i 1, . . . , p ,  j,  y  0.Ž .d ji
Ž . Ž .By the continuity of  , we obtain  y  0 or equivalently d D y .d d ii i
Ž .  4Since D y is a face of C and since d  face d , we conclude thati
Ž . Ž .dD y , i.e.,  y  0.d
PROPOSITION 3.1. If  is continuous for any d C , then the set-aluedd
map S is continuous. The conerse is true wheneer the cone C is polyhedral.
Proof. Suppose that S is not continuous. Then we can find a sequence
Ž . Ž .y in Y converging to a point y Y, an element z S y , and a smalli
Ž . Ž . Ženough radius  0 such that B z,   S y  for all i. Put d zi
.    Ž .  
 y  z
 y  C . It is easy to verify that  y  z
 y andd
Ž .   Ž Ž ..lim sup  y  z
 y 
  . Consequently, the sequence  yi	 d i d i
Ž .cannot converge to  y .d
Conversely, let C be a polyhedral cone and assume that S is continuous.
Suppose to the contrary that there exists a d C such that  is notd
Ž .continuous on Y. According to Lemma 3.1, there exists a sequence y ini
Ž .Y converging to a point y of Y such that  y  0 for all i, and such thatd i
Ž . y  0. Using the lower semicontinuity of S, we can find a sequenced
Ž . Ž . Ž .z in Y converging to  y such that z  S y for all i. Since thei d i i
number of faces of C is finite, passing to a subsequence if necessary, we
 4can suppose that for some face F we have face z 
 y  F for all i. Sincei i
Ž .F is closed, d F. For i 0 we have z 
 y D y , and according to0 0 0
Ž .Ž . Ž . Ž .Proposition 2.2 ii b we obtain FD y . Then dD y , which contra-0 0
Ž .dicts the fact that  y  0.d 0
As a direct consequence of Proposition 3.1 and Theorem 3.1 we obtain
the following sufficient condition for a set to be completely shaded in
terms of the continuity of S.
COROLLARY 3.1. If C is polyhedral and S is continuous, then Y is a
completely-shaded set.
Motivated by the previous results, we introduce the concept of a
continuous set as follows.
DEFINITION 3.1. A nonempty closed and free-disposal set Y of E
Ž .satisfying assumption C is said to be continuous if the set-valued map S
is continuous.
In fact, by considering continuous sets, we must restrict our attention to
sets having a closed efficient frontier, as shown by the following proposi-
tion.
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PROPOSITION 3.2. The efficient frontier of a continuous set is closed.
Ž .Proof. Let y be a sequence in Eff Y converging to a point y Y. Leti
Ž .z S y . From the definition of the lower semicontinuity of S, there exists
Ž . Ž .a sequence z in Y converging to z, such that z  S y for all i. Sincei i i
Ž .y  Eff Y for all i, the subset S y is reduced to a singleton. Conse-i i
Ž .  4quently z y and so S y  y , which means that y Eff Y.
4. PROJECTIVE AND POLYHEDRAL
DOMINATION SELECTIONS
Henceforward we suppose that Y is a nonempty completely-shaded and
Žcontinuous subset of E according to the previous section, when C is
.polyhedral we just need to assume that Y is continuous satisfying assump-
Ž .tion C .
Ž .  4DEFINITION 4.1. A function e: F C    C will be called domina-
tion selection if for any nonempty face F of C we have
  4  4e F  F if F 0 and e 0  0. 4Ž . Ž .Ž .
The following two classes of domination selections are of special in-
terest.
Projectie Selections. We say that a domination selection e is projective
if there exists c  C such that for any proper face F,0
e F  	 c ,Ž . Ž .F 0
where 	 denotes the metric projection on the closed convex set F.F
Polyhedral Selections. If C is polyhedral, we say that a domination
Ž .selection e is polyhedral if, according to the representation 3 , for any
proper face FÝ   of C we havej J 	 j
e F  .Ž . min J
Remark 4.1. There always exists a projective selection. Indeed, since
 Ž  .the cone C is pointed, we can choose a point c in C  
int C , where0
  ² : 4C  x E : x, c  0, c C denotes the negative polar cone. Then
² :  Ž .c verifies c , c  0, for all c C , which implies 4 .0 0
For every domination selection e, we can define an application 
 :e
bd Y bd Y by

 y   yŽ . Ž .e eŽ DŽ y ..
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for all y bd Y. The following result is a direct consequence of Proposi-
tions 2.1 and 2.2.
PROPOSITION 4.1. Let y bd Y. The following assertions hold:
Ž . Ž .i y
 y and the equality holds if and only if y Eff Y.e
Ž . Ž Ž .. Ž .ii D 
 y D y , the inclusion being strict if and only if y Eff Y.e
As shown in the following example, 
 has two drawbacks: in generale
Ž .
 bd Y is not included in Eff Y and 
 is not continuous on bd Y.e e
3 3 Ž .EXAMPLE 4.1. Let C Ý   , where  ,  ,  stands for	 i1 	 i 1 2 3
the canonical basis of 3. Let Y
C and let e be the polyhedral
selection associated to this representation. On one hand, for y
Ž . Ž . Ž . Ž .
1,
1, 0 we have 
 y  0,
1, 0  Eff Y. Hence 
 bd Y is note e
ŽŽ Ž .included in Eff Y. On the other hand, the sequence 
1 i	 1 ,
1

Ž . .. Ž . Ž Ž Ž1 i	 1 , 0 converges to 0,
1, 0 but the sequence 
 
1 i	e
. Ž . .. ŽŽ Ž . ..1 ,
1
 1 i	 1 , 0  0,
1
 1 i	 1 , 0 does not converge to
Ž .
 0,
1, 0  0. Hence 
 is not continuous on bd Y.e e
As we shall see below, we can eliminate this inconvenience by compos-
Ž .ing n
 1 -times the function 
 . More precisely, lettinge

Žk . 
  
 for any ke e e  
k-times
and 
Ž0.
 , we can define an application r : bd Y bd Y bye e e
r 
Žn
1. .e e
Like 
 , the application r satisfies the properties given in Proposition 4.1.e e
In fact, we have the following sharper results.
Ž .PROPOSITION 4.2. For any domination selection e we hae r bd Y e
Eff Y. Moreoer, the application r has the inariance property r 
  r .e e e e
Proof. Suppose on the contrary that there exists y bd Y such that
Ž .  Ž0.Ž . Žn
1.Ž .4r y  Eff Y. According to Proposition 4.1, the set 
 y , . . . ,
 ye e e
Ž Žk .Ž ..does not contain elements of Eff Y and, if we put m  dim D 
 yk e
 4for any k 0, . . . , n
 1 , we have m   m . But, from Proposi-0 n
1
tion 2.2, we also have m  n
 1 and m  1. Hence we have found n0 n
1
 4distinct integers in the set 1, . . . , n
 1 , which is impossible. Now, for any
Ž Ž .. Žn.Ž . Ž Ž ..y bd Y we have r 
 y 
 y 
 r y and so we obtaine e e e e
Ž . Ž . Ž .r 
 y  r y , since r y  Eff Y.e e e e
PROPOSITION 4.3. If C is polyhedral and e is a polyhedral selection
Ž .associated to the decomposition 3 , then r     and r is continu-e   ep 1
ous.
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 4Proof. It suffices to prove by induction that for all m 0, . . . , n
 1
the following assertion P is true.m
P For each y bd Y such that dim D y m ,Ž . Ž .m
r y     y .Ž . Ž .e  p 1
Obviously, P is true. Suppose now that the assertion is true for all0
 4positive integers m with m 0, . . . , n
 2 . Let y bd Y be such that
Ž .dim D y m	 1. Since m	 1 1, we have
y Eff Y . 5Ž .
Ž .  4 Ž .Let J y be the subset of 1, . . . , p for which D y Ý   andj J Ž y . 	 j
Ž . Ž .put jmin J y . Since e is a polyhedral selection associated to 3 ,
we have

 y   y . 6Ž . Ž . Ž .e  j
Ž . Ž . Ž Ž .. Ž .From Proposition 4.1 ii and relation 5 , dim D 
 y  dim D y me
Ž .	 1. By the induction assumption and 6 , we deduce the equality
r 
 y      y . 7Ž . Ž . Ž .Ž . Ž .e e   p 1 j
Ž Ž .. Ž .On one hand, from Proposition 4.2, r 
 y  r y . On the other hand,e e e
Ž .since the vectors  , . . . ,  do not belong to D y and consequently do1 j
1
Ž Ž ..not belong to D  y , we have j
    y      yŽ . Ž .Ž . Ž .     p 1 j p j j
     yŽ .  p j	1 j
    y .Ž . p 1
Ž . Ž . Ž .Hence 7 becomes r y     y and assertion P is true.e   m	1p 1
The continuity of r follows directly from Proposition 3.1.e
PROPOSITION 4.4. For any projectie selection e, the function r is con-e
tinuous.
 4Proof. It suffices to prove by induction that for all m 0, . . . , n
 1
the following assertion Q is true.m
Q For each sequence y in bd Y converging to a point y bd YŽ . Ž .m i
and satisfying lim sup dim D y m , the sequenceŽ .i	 i
r y converges to r y .Ž . Ž .Ž .e i e
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Since Eff Y is closed in virtue of Proposition 3.2, the assertion Q is true.0
Suppose now the assertion is true for all positive integers m, where
 4 Ž .m 0, . . . , n
 2 . Let y be a sequence in bd Y converging to a pointi
Ž .y bd Y and satisfying lim sup dim D y m	 1. We must provei	 i
Ž Ž .. Ž .that the sequence r y converges to r y , which is equivalent to provinge i e
Ž Ž ..that from any subsequence r y we can extract a subsequence whiche i kk
Ž .converges to r y .e
Ž Ž .. Ž Ž ..Let r y be a subsequence of r y . By the induction assumption,e i k e ik
passing to a subsequence if necessary, we can suppose that for all k,
dim D y m	 1. 8Ž . Ž .i k
Put for all k,
d  e D y  	 c and z 
 y   y , 9Ž . Ž . Ž . Ž . Ž .Ž .k i DŽ y . 0 k e i d ik i k k kk
Ž Ž .. Ž .and let d e D y  	 c . Since, for all k, z  y and since theDŽ y . 0 k ik
Ž . Ž .sequence y is bounded, according to Lemma 2.1 the sequence z isi k kk
also bounded. Passing to a subsequence if necessary, we can suppose that
Ž . Ž .this sequence converges to an element z bd Y. According to 8 , 9 , and
Ž . Ž .Proposition 4.1 ii , we have dim D z m for all k.k
Ž Ž ..From the induction assumption, we deduce that the sequence r z e k
Ž Ž .. Ž . Ž .r y converges to r z . To conclude, it suffices to prove that r z e i k e ek
Ž .r y .e
The result is true if z y. Suppose now that z y. Letting k	 in
z  y one obtains z y and consequentlyk ik
 4D y  0 . 10Ž . Ž .
   Since d is the projection of c on a cone, we have d  c and thek 0 k 0
Ž .sequence d is bounded. Passing to a subsequence if necessary, we cank
suppose that this sequence converges to an element d	 C.
	 Ž .Let us show that d  0. On one hand, dD y implies the existence
Ž .of a t 0 such that y	 td S y . Then, since the set-valued map S is
Ž .continuous, there exists a sequence x in Y converging to y	 td suchk
Ž . Ž . Ž .that x  S y for all k. Then, we have x 
 y tD y for all k.k i k i ik k k
Ž .    Ž . Recalling 9 , c 
 d  c 
 x 
 y t and so, letting k	,0 k 0 k ik
one obtains
 	   c 
 d  c 
 d . 11Ž .0 0
On the other hand, from the definition of a projective selection and
Ž . Ž .recalling 10 , we have d 	 c  0. Then, from the unicity ofDŽ y . 0
projection, we have
   c 
 d  c . 12Ž .0 0
Ž . Ž .  	    	Combining 11 and 12 , we deduce c 
 d  c and so d  0.0 0
BENOIST AND POPOVICI110
Ž . Ž .By 9 we have z  y 	 t d for all k, where t   y . Hence thek i k k k d ik k k
Ž .    	 sequence t converges to t z
 y  d  0 and we havek
z y	 td	 . 13Ž .
Let us show now that d	 d by using the characterization of the projec-
tion on a closed convex set. More precisely, we have to prove that d	
satisfies the following two properties:
P1 d	D y ;Ž . Ž .
² 	 	:P2 c 
 d ,  
 d  0 for all  D y .Ž . Ž .0
Ž . Ž . Ž .The property P1 is a direct consequence of 13 . In order to prove P2 ,
Ž . 	 	 Ž .let  D y . Then there exists t  0 such that y	 t   S y and so,
Ž 	 .since the set-valued map S is continuous, there exists a sequence x in Yk
	 	 Ž .converging to y	 t  such that x  S y for all k. Then, we havek k
Ž 	 . 	 Ž . Ž . ² Žx 
 y t D y for all k. Recalling 9 , we infer that c 
 d , xk i i 0 k kk k
. : ²
y t
 d  0 for all k and so, letting k	, one obtains c 
i k 0k	 	: Ž .d ,  
 d  0; i.e., P2 holds. By the unicity of the projection, we de-
	 Ž .duce that d  d, and then the relation 13 becomes z y	 td bd Y.
Consequently,
0 t  y and  y   z . 14Ž . Ž . Ž . Ž .d d d
To conclude, we must distinguish two cases.
Ž . Ž . Ž . Ž .If t  y then z
 y and, from Proposition 4.2, r z  r 
 yd e e e e
Ž . r y .e
Ž . Ž . Ž . Ž .If t  y , from Proposition 2.3 ii , D z D y and then, recallingd
Ž .14 , we have

 y   y   y   z   z 
 z ,Ž . Ž . Ž . Ž . Ž . Ž .e eŽ DŽ y .. d d eŽ DŽ z .. e
Ž . Ž .which again implies r z  r y .e e
Thus the assertion Q is true and the proof is complete.m	1
5. TOPOLOGICAL PROPERTIES OF THE EFFICIENT
FRONTIER
Recall that a subset A of E is called contractible if there exists a
  Ž .continuous map h : 0, 1  A A and such that h 1,  is the identityA A
Ž .function on A and h 0,  is a constant function. To prove the con-A
tractibility of a set, it is often useful to apply the following classical result
Ž  .see 11 .
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PROPOSITION 5.1. Let A and B be two subsets of E such that B A. We
suppose that B is a retract of A, i.e., there exists a continuous map r from A
Ž .into B such that r b  b for all b B. Then, the contractibility of A implies
the contractibility of B.
A refinement of the retract notion is the strong deformation retract,
which is defined as follows: if B A E we say that B is a strong
Ž  .deformation retract of A cf. 3 if there exists a continuous map h:
 0, 1  A A such that
Ž . Ž .i h 0,  is the identity map of A;
Ž . Ž .ii h 1,  is a map from A to B; and
Ž . Ž . Ž .  iii h t, b  b for all t, b  0, 1  B.
Ž . Ž .In this case, by considering the function r   h 1,  we see that B is a
retract of A.
The aim of this section is to give assumptions on Y in order to obtain
the efficient frontier Eff Y as a strong deformation retract of the weakly-
efficient frontier WEff Y. Then the efficient frontier will be contractible.
In what follows we suppose that Y is a nonempty continuous and com-
Ž .pletely-shaded subset of E satisfying the assumption C . For a polyhedral
or projective selection e, we shall construct an application h which wille
allow us to prove that the efficient frontier Eff Y is a strong deformation
retract of the weakly-efficient frontier WEff Y bd Y. Let y bd Y.
Ž .According to Propositions 4.1 i and 4.2, there exists a unique integer
Ž .  4p y  0, . . . , n
 1 such that
  Žk . Žk	1.p y ,	  k : 
 y 
 yŽ . Ž . Ž . 4e e
 k : 
Žk . y  Eff YŽ . 4e
Ž0.Ž . Ž pŽ y ..Ž . Ž .and y
 y   
 y  r y . Consider the pathe e e
Ž .p y
Žk . Žk	1. y  
 y ,
 yŽ . Ž . Ž . e e
k0
and its length which is defined by
Ž .p y
Žk	1. Žk .l y  
 y 

 y .Ž . Ž . Ž .Ý e e
k0
In particular, according to Proposition 4.1, y Eff Y if and only if
Ž .l y  0. For y bd Y, we deduce from the above definition that
l y  l 
 y 	 
 y 
 y . 15Ž . Ž . Ž . Ž .Ž .e e
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Ž . Ž .If y bd Y and z  y , according to Proposition 2.3 ii , we have
 z   y  S z . 16Ž . Ž . Ž . Ž .
We have the following continuity properties of l and .
LEMMA 5.1. The function l : bd Y is continuous.	
Proof. If the selection e is polyhedral, by an argument similar to that
used in the proof of Proposition 4.3, we can show that for all y bd Y,
l y   y 
 y 	   y 
  y 	 Ž . Ž . Ž . Ž .   1 2 1 1
	    y 
    y .Ž . Ž .   p 1 p
1 1
Then the result follows from Proposition 3.1.
Suppose now that the selection e is projective with respect to a point
  4c  C . It suffices to prove by induction that for all m 0, . . . , n
 10
the following assertion R is true.m
R For each sequence y in Y converging to any elementŽ . Ž .m i
y bd Y and satisfying the condition lim sup dim D y m ,Ž .i
i	
the sequence l y converges to l y .Ž . Ž .Ž .i
Since Eff Y is closed by virtue of Proposition 3.2, the assertion R is true.0
Suppose now that the assertion is true for all positive integers m, where
 4 Ž .m 0, . . . , n
 2 . Let y be a sequence in bd Y converging to ani
Ž .element y bd Y and satisfying lim sup dim D y m	 1. We musti	 i
Ž Ž .. Ž .prove that the sequence l y converges to l y , which is equivalent toi
Ž Ž ..proving that from each subsequence l y we can extract a subse-i kk
Ž .quence which converges to l y .
Ž Ž .. Ž Ž ..Let l y be a subsequence of l y . By the induction assumption,i k ik
passing to a subsequence if necessary, we can suppose that for all k,
dim D y m	 1. 17Ž . Ž .i k
Put for all k,
d  e D y  	 c and z 
 y   y ,Ž . Ž . Ž . Ž .Ž .k i DŽ y . 0 k e i d ik i k k kk
18Ž .
Ž Ž .. Ž .and let d e D y  	 c . Since, for all k, z  y and since theDŽ y . 0 k ik
Ž . Ž .sequence y is bounded, according to Lemma 2.1 the sequence z isi k kk
also bounded. Passing to a subsequence if necessary, we can suppose that
EFFICIENT FRONTIER OF SHADED SETS 113
Ž . Ž .this sequence converges to an element z bd Y. According to 17 , 18 ,
Ž . Ž .and Proposition 4.1 ii , we have dim D z m for all k.k
Ž Ž ..From the induction assumption, we deduce that the sequence l zk
Ž . Ž . Ž . Ž .  converges to l z . According to 15 and 18 , we have l y  z 
 yi k ik k
Ž . Ž .   Ž .	l z . Then, it suffices to prove that l y  z
 y 	 l z . For thisk
aim, by using the same argument and the same notations as in the proof of
Ž .Proposition 4.4 before relation 14 , we shall distinguish two cases.
Ž . Ž .If t  y , then z
 y and the equality in demand is exactly thed e
Ž .relation 15 .
Ž . Ž . Ž . Ž .If t  y , from Proposition 2.3 ii , D z D y and then, by usingd
Ž . Ž . Ž .14 , we have 
 y 
 z , which impliese e
l y  y

 y 	 l 
 yŽ . Ž . Ž .Ž .e e
    y
 z 	 z

 y 	 l 
 y since z y ,
 yŽ . Ž . Ž .Ž . Ž .e e e
  y
 z 	 z

 z 	 l 
 zŽ . Ž .Ž .e e
  y
 z 	 l z .Ž .
Again the equality is proven. Thus the assertion R is true.m	1
LEMMA 5.2. The set-alued map : bd Y 2bd Y is upper semicon-
tinuous.
Proof. If the selection e is polyhedral, by an argument similar to the
one used in the proof of Proposition 4.3, we can show that, for all
y bd Y,
 y   y , y    y ,  y  Ž . Ž . Ž . Ž .   1 2 1 1
    y ,    y .Ž . Ž .   p 1 p
1 1
Then the result is a consequence of Proposition 3.1 and of the fact that the
Ž Ž ..set-valued map  is locally bounded cf. C .
Suppose now that the selection e is projective. Since the set-valued map
is locally bounded it suffices to prove by induction that for all m
 40, . . . , n
 1 the following assertion S is true.m
S For each sequence y in bd Y converging to a point y bd YŽ . Ž .m i
and satisfying the condition lim sup dim D y m , andŽ .i
i	
for each sequence x in bd Y converging to a point x bd YŽ .i
and satisfying x   y for all i , we have x  y .Ž . Ž .i i
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Since Eff Y is closed in virtue of Proposition 3.2, the assertion S is true.0
Suppose now that the assertion is true for all positive integers m, where
 4 Ž .m 0, . . . , n
 2 . Let y be a sequence in bd Y converging to a pointi
Ž . Ž .y bd Y and satisfying lim sup dim D y m	 1. Let x be ai	 i i
Ž .sequence in bd Y converging to a point x bd Y and satisfying x   yi i
for all i. By the induction assumption, passing to a subsequence if
necessary, we can suppose that
dim D y m	 1 19Ž . Ž .i
for all i. Let us define, for all i,
d  e D y  	 c and z 
 y   y , 20Ž . Ž . Ž . Ž . Ž .Ž .i i DŽ y . 0 i e i d ii i
Ž Ž .. Ž .and let d e D y  	 c . Since z  y for all i and since theDŽ y . 0 i i
Ž . Ž .sequence y is bounded, according to Lemma 2.1, the sequence z isi i
also bounded. Passing to a subsequence if necessary, we can suppose that
Ž . Ž .this sequence converges to an element z bd Y. According to 19 , 20 ,
Ž .and Proposition 4.1 ii , we have for all i
dim D z m. 21Ž . Ž .i
Now, by using the same argument as in the proof of Proposition 4.4 before
Ž .relation 14 , we can show that
z y ,
 y . 22Ž . Ž .e
 Suppose that x  y , z , beginning with a large enough rank. Lettingi i i
  Ž .i	 one obtains x y, z . According to 22 , we conclude that
Ž .x  y . Otherwise, passing to a subsequence if necessary, we can sup-
  Ž Ž ..pose that x  y , z which means that x   z for all i. Recallingi i i i i
Ž . Ž .21 , by the induction assumption we deduce that x  z and the
Ž . Ž . Ž .relations 22 and 16 allow us again to conclude that x  y . Thus the
assertion S is true.m	1
Ž . Ž .  In view of 16 , we can easily check that for any pair t, y  0, 1  bd Y
there exists a unique point z bd Y such that
z  y and l z  1
 t l y . 23Ž . Ž . Ž . Ž . Ž .
  Ž .In this way, we can define a function h : 0, 1  bd Y bd Y by h t, ye e
Ž . z, where z is characterized by 23 .
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PROPOSITION 5.2. The function h is continuous and satisfies the followinge
conditions:
Ž . Ž .i h 0,  is the identity map of bd Y;e
Ž . Ž .ii h 1,   r is a map from bd Y to Eff Y; ande e
Ž . Ž . Ž .  iii h t, y  y for all t, y  0, 1  Eff Y.e
Ž . Ž . Ž .Proof. It is easy to see that i , ii , and iii hold. In order to prove that
ŽŽ ..  h is continuous let t , y be a sequence in 0, 1  bd Y converging toe i i
Ž .   Ž Ž ..an element t, y  0, 1  Y. We must prove that the sequence h t , ye i i
Ž .converges to h t, y or, equivalently, since this sequence is bounded bye
Ž . Ž .assumption C , that h t, y is the unique limit point of this sequence. Lete
Ž Ž ..h t , y be a subsequence which converges to an element z of Y. Bye i i kk k
Ž .the definition of h t , y we havee i ik k
h t , y   y and l h t , y  1
 t l y .Ž . Ž .Ž . Ž . Ž .Ž .e i i i e i i i ik k k k k k k
From Lemmas 5.1 and 5.2, letting k	 in the above relations, we
Ž . Ž . Ž . Ž .obtain z  y and l z  1
 t l y which characterize the point
Ž . Ž .h t, y . Hence z h t, y .e e
Now we can state our main result.
THEOREM 5.1. Let Y be a nonempty, continuous, and completely-shaded
Ž .subset of E satisfying the assumption C . Then, the efficient frontier of Y is a
strong deformation retract of the weakly-efficient frontier of Y. Consequently,
the efficient frontier Eff Y is contractible.
Proof. By Remark 4.1, there exists a projective selection e associated to
the cone C. Then by Proposition 5.2, the function h satisfies all thee
properties we need to say that the efficient frontier Eff Y is a strong
deformation retract of the weakly-efficient frontier WEff Y bd Y. Tak-
ing into account that, according to Remark 2.2, the set bd Y is con-
tractible, by Proposition 5.1, we deduce that Eff Y is contractible too.
We can apply Theorem 5.1 to multicriteria optimization to get the
contractibility of the efficient outcome set. Note that among other topolog-
ical properties of the efficient sets which have been intensively studied in
vector optimization, the arcwise-connectedness and in particular the con-
tractibility are of special interest for developing algorithms, because they
provide the possibility of moving from an efficient point to others along
continuous arcs inside the efficient set.
We consider a general Pareto optimization problem:
maximize f x  f , . . . , f x , subject to xD ,Ž . Ž . Ž .1 n
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where D is a nonempty compact subset of an Euclidean space and f :
D n is a continuous vector-valued function. As usual, the space  n
will be partially ordered by the positive cone  n .	
 4 Ž . nFor k 1, . . . , n we define the function  : f D 
  byk 	
 y  sup z : z z , . . . , z , . . . , z  f D and z y , 4Ž . Ž . Ž .k k 1 k n
 y f D 
 n .Ž . 	
Ž .COROLLARY 5.1. If the functions  , . . . ,  are continuous, then Eff f D1 n
is contractible.
Ž . nProof. Let us consider the subset Y f D 
 of E. Then, Y is a	
Ž .nonempty closed and free-disposal set satisfying assumption C . If
Ž 1 n. ne , . . . , e denotes the canonical basis of  , it is easy to see that for
 4 Ž . Ž . ² k :kall k 1, . . . , n we have  y   y 	 e , y . Then, according tok e
Theorem 3.1 and Proposition 3.1, we deduce that the set Y is continuous
and completely-shaded, so that the result is a direct consequence of
Theorem 5.1.
 Note that Corollary 5.1 refines a result obtained by Kotkin in 7 which
Žasserts that if D is connected and certain sensibility functions defined in a
.slightly different way than the functions  , . . . ,  are continuous, then1 n
Ž .the set Eff f D is connected.
6. CONCLUSIONS
Motivated by the fact that the nice-frontier sets have been successfully
 explored by Benoist in 1 for obtaining connectedness results in multicri-
teria optimization, we have extended here this notion by introducing the
concepts of simply- and completely-shaded sets in Euclidean spaces with
respect to a general ordering cone. Our main result shows that the
efficient frontier of a completely-shaded set is a strong deformation retract
of his weakly-efficient frontier, under certain continuity assumptions. As
 shown by us in 2 in the three-dimensional case, the contractibility of the
efficient frontier of a simply-shaded set with respect to the usual positive
cone can be obtained without any continuity assumption, but we don’t
know if this property still holds for general ordering cones.
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